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We present the connection between the generation of entanglement of suspended macroscopic test-
mass mirrors in a Michelson interferometer and the Standard Quantum Limit of the interferometer’s
measurement sensitivity. We have found that mirror entanglement can be created by a simultaneous
homodyne readout at both interferometer output ports and survives as long as classical noises are
moderately below the Standard Quantum Limit (factor of ∼ 2 in power) for a reasonably broad
frequency band (∆f >∼ 1.15 f).
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The continuous quantum measurement of macro-
scopic objects was first investigated in the context of
gravitational-wave (GW) detection [1, 2, 3]. In laser in-
terferometer GW detectors incoming GWs induce very
weak, yet highly classical, tidal forces on the mirror test
masses which are hung from seismic isolation stacks as
pendulums such that their eigenfrequency is far below
the detection band. The interferometer measures the rel-
ative arm length change caused by an incident GW [4].
If an observable, such as the position of a free mass, does
not have commuting Heisenberg Operators at different
times, then a standard quantum limit (SQL) often lim-
its the sensitivity of force measurements made through
monitoring this observable [1, 2, 3]. The SQL can be sur-
passed, if (i) measurement of the external force is made
through monitoring of a quantum non-demolition observ-
able (one with commuting Heisenberg operators at differ-
ent times, see, e.g., Ref. [1]), (ii) the quantum mechanics
of the measuring device (e.g., optical field) is taken into
account, and appropriate quantum correlations are used,
e.g., with back-action evasion techniques [5].
In order to reach and surpass the SQL, classical noises –
e.g. seismic noises, thermal noises from suspension wires,
mirror substrates and mirror coatings and laser noises –
must first be suppressed. The noise level in currently op-
erating, first-generation GW interferometers is a factor
of ∼ 10 in amplitude from the SQL; second-generation
interferometers (e.g., Advanced LIGO) to be operative
within ∼ 5 years, may reach within a factor of ∼ 2 from
the SQL [6]. Future interferometers will have to surpass
the SQL significantly [7]. The GW community is actively
pursuing lab-scale prototype interferometers [8] with sus-
pended test masses that can reach and surpass the SQL
before large-scale detectors.
Motivated by upcoming experimental opportunities
in the GW community, we theoretically discuss in this
Letter one aspect of macroscopic quantum mechanics
that a super-SQL GW experiment would allow us to
study, namely the entanglement between macroscopic
test masses, with mass from <∼ 1 g to >∼ 10 kg with em-
phasis on making a connection to the effort of building
super-SQL prototype interferometers. We note that con-
cepts of generating entanglement of macroscopic objects
have been proposed recently for two mirrors of an optical
ring cavity [9], two mirrors of two different cavities illumi-
nated by entangled light [10], mirrors in a double-cavity
system exploiting input of squeezed states [11] and for
two micromechanical oscillators exploiting swapping the



























FIG. 1: Schematic plot of a PR Michelson interferometer. Sus-
pended end mirrors are much lighter than other suspended
optics. Differential motion of end mirrors detected at dark
(south) port and common motion at bright (west) port. A
Faraday rotator might be used to access all of the back re-
flected light.
Configuration, and entanglement in the absence of clas-
sical noises. We consider a Michelson-type configura-
tion as shown in Fig. 1. Laser light (carrier) is injected
through the so called power-recycling (PR) mirror from
the left. The two beams from the beam splitter (BS)
are reflected by the end mirrors (north (n) and east (e),
each with mass m) before being recombined at the BS.
At the zero point, all of the carrier light is reflected back
towards the laser source; the PR mirror is positioned
such that it forms a resonant low finesse cavity together
2with the end mirrors for the carrier. A differential arm-
length change induces phase-modulation fields that only
emerge at the dark port; a common arm-length change
induces phase-modulation fields that only emerge at the
bright port. Correspondingly, fluctuating fields that en-
ter the interferometer from the dark (bright) port only in-
teract with mirror displacements in the differential (com-
mon) mode. Homodyne detections are made at both the
dark and bright ports, each with a certain frequency in-
dependent homodyne phase. In this way, we have two
independent measurement processes in our interferome-
ter, one measuring xˆd ≡ (xˆe − xˆn)/2 and the other mea-
suring xˆc ≡ (xˆe + xˆn)/2. Correspondingly, we define
pˆd ≡ (pˆe−pˆn) and pˆc ≡ (pˆe+pˆn) and have [xˆc,d, pˆc,d] = ih¯.
The effective mass of each of these modes is equal to half
the true mass of the mirror, or m/2. As is well known,
in steady state, in the absence of classical noises (includ-
ing laser noise) an ideal homodyne detection made on
outgoing fields from either port of the interferometer col-
lapses the quantum state of the corresponding mode of
mirror motion into a purely Gaussian one (a posterior
state [13]). The first-order moments of this state undergo
random walks in time, while the second-order moments
remain constant, and are minimum Heisenberg limited as
required by purity [14, 15, 16, 17]. It is then obvious that,
as long as the measurement processes for the common
and differential modes are different (in terms of presence
or absence of recycling, homodyne phase, etc.), the wave
functions ψc and ψd will be different, and the joint wave-
function Ψ(xe, xn) = ψc[(xe+xn)/2] ψd[(xe−xn)/2] must
be non-separable. This is analogous to creating entangle-
ment by overlapping two differently squeezed beams on
a BS [18].
Wiener Filtering. In the presence of classical noises,
entanglement can become less significant, or even disap-
pear. The main aim of this paper is to quantify the
degree of achievable entanglement in terms of the level of
classical noise. While the conventional way to describe
quantum systems undergoing continuous measurement is
to use a stochastic master equation (SME) [14, 15, 16, 17],
the SME requires white noise fields. For GW experi-
ments, noise sources are well characterized, and some of
them are not white, e.g., the seismic noise, and various
types of thermal noises. In this situation, one could con-
struct a white-noise-driven dynamical system of a larger
dimension to simulate the non-white noises, but we have
found it easier to apply a Wiener Filtering approach,
which applies to linear systems with Gaussian noises, as
we review here briefly [19, 20].
Let yˆ(t) be the Heisenberg operator of the outgoing
field quadratures that we measure and xˆ(t) be the Heisen-
berg operator of any test-mass observable. We first




t′) yˆ(t′)+ Rˆx(t), with vanishing symmetrized product (cf.
e.g. [7]) 〈Rˆx(t) yˆ(t′)〉sym = 0. Note that ourKx(t) is iden-
tical to the classical causal Wiener filter when one would
like to estimate x(t) using {y(t′) : t′ < t}. When we do so
for two observables x and p, second-order moments are
given by Vxx = 〈Rˆ2x〉, Vpp = 〈Rˆ2p〉 and Vxp = 〈RˆxRˆp〉sym,
which can be written in terms of noise spectra as inte-
grations in the frequency domain. It can also be shown
that these moments do not change when different feed-
back systems are applied – as long as at time t the con-
trol force only depends on {y(t′) : t′ < t}. Such an
essentially classical approach is justified here because
[y(t), y(t′)] = 0 (satisfied by all out-going field quadra-
tures), and [x(t), y(t′)] = 0, t > t′ (due to causality).
More details will be given in Ref. [19].
Posterior state of a single mode. Both the common-
and differential-mode quantum measurement process can
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where Rxx(Ω) = −2/(m(Ω2+iγmΩ−ω2m)) is the mechan-
ical susceptibility of the test mass with ωm the pendulum
angular frequency and γm the decay rate. The quantity
α is given by α = 2/τ
√
8Pω0h¯/(cτ) for the common
and α =
√
8Pω0h¯/(cτ) for the differential mode. For the
common mode, the low finesse of the cavities formed by
the PR mirror and the end mirrors allows us to adiabat-
ically eliminate the cavity mode in Eqs. (1)–(2). Here P
is the laser’s input power and ω0 its angular frequency,
while τ is the PR mirror’s amplitude transmissivity. The
operators aˆ1 and aˆ2 are the amplitude and phase quadra-
ture operators of the incoming fields, respectively. The
other two operators model noise entering the system: ξˆF
describes a random force acting directly on the center-of-
mass of the mirrors which may include thermal fluctua-
tions in the suspension due to the mechanical damping
γm or seismic noise, while ξˆx is responsible for sensing
noises, which may be due to optical loss, fluctuations in
amplitude and phase of the laser or thermal fluctuations
of mirror shape and coating thickness (which move the
reflective surfaces, even when the centers of mass are at
rest). We have to make this distinction since the lat-
ter noise source cannot be filtered by the conditioning on
the measurement and, therefore, disturbs the conditional
variances to the full extent. Here for simplicity we will
assume both ξˆF and ξˆx having a white spectrum κF and
κx, respectively.
Using the only non-vanishing correlation functions,
〈aˆi(Ω) aˆ†j(Ω′)〉sym = pi δ(Ω− Ω′) δij , (3)
〈ξˆF (Ω) ξˆ†F (Ω′)〉sym = pi δ(Ω− Ω′) κF , (4)
〈ξˆx(Ω) ξˆ†x(Ω′)〉sym = pi δ(Ω− Ω′) κx , (5)
we obtain the following position-referred noise spectra
















FIG. 2: Noise spectral densities in arbitrary units for
Ωcα/(2pi) = 23 Hz, Ω
d
α/(2pi) = 200 Hz, ΩF /(2pi) = 29 Hz
and Ωx/(2pi) = 160 Hz as well as phase quadrature read-
out for both, common and differential mode. Here we have
EN = 0.35.









SF = 2h¯/m Ω
2
F /Ω
4, Sx = 2h¯/m 1/Ω
2
x , (7)
where Stotal = Squant + SF + Sx. It is straightforward to
show that Squant ≥ SSQL, with equality when Ω = Ωα ≡
α/
√





2h¯/(κxm), which are the frequencies at which SF
and Sx touch the SQL, respectively. When Ωx/ΩF > 2,
we have a non-zero frequency band in which the classical
noise is completely below the SQL (cf. Fig. 2). After
Wiener Filtering, we obtain the second-order moments








































Eqs. (8)–(10) are consistent with results obtained from
SME [15]. From these equations, we see that the pos-
terior state is highly squeezed in position, and highly
anti-squeezed in momentum, since the ground state of
the pendulum has V
|0〉





xp = 0. Increasing (decreasing) power results in
a higher (lower) Ωα, therefore more (less) squeezing in
position, and more (less) anti-squeezing in momentum –
causing the squeezing ellipse to rotate, as shown in Fig. 3.
Since it is possible to instantaneously modify the pen-






FIG. 3: Squeezing ellipses of position and momentum oper-
ators with respect to common and differential mode for the
same parameters as in Fig. 2. All second-order moments are




by connecting the test masses to an optical spring [21]),
the amount of squeezing in a test-mass state is not abso-
lute. Another measure of the quantum nature of a state
is the quantity U = VxxVpp − V 2xp, with U ≥ h¯2/4 from






















with equality achieved when Ωα =
√
ΩxΩF .
Entanglement. After obtaining posterior states of the
common and differential modes, we assemble the poste-
rior state of the entire system. The combined (4 × 4)
covariance matrix for the second-order moments among








Vnn = Vee =
(
















Ven = Vne =
(
(V cxx − V dxx)/4 (V cxp − V dxp)/2
(V cxp − V dxp)/2 V cpp − V dpp
)
,
For our Gaussian state, separability can be easily checked
by the Peres-Horodecki criterion [22] which reduces to






xx − 2V cxpV dxp . (13)
A computable measure of entanglement, the so-called log-
arithmic negativity, for an arbitrary bipartite system was
introduced in [23]. For our state
EN = max[0,− log2 2σ−] , (14)
where σ− =
√
(Σ−√Σ2 − 4 detV )/2 and Σ = detVnn +
detVee−2 detVne. If we insert Eqs. (8)–(10) into Eq. (13)
only three significant parameters determine entangle-
ment of the mirrors: the ratios Ωc,dα /ΩF for common and
4differential modes, and the ratio Ωx/ΩF . [Recall that
when Ωx/ΩF > 2, there exists a frequency window in
which the classical noise is below the SQL.] For a big




α/ΩF ) in a cer-
tain range while maintaining entanglement, as shown by
Fig. 4. In Fig. 5, we plot the maximum achievable EN
FIG. 4: Logarithmic negativity for Ωx/ΩF = 10 and phase
quadrature readout for both, common and differential mode,
versus the two ratios Ωcα/ΩF and Ω
d
α/ΩF .
as a function of Ωx/ΩF , when phase quadratures are de-
tected (solid curve), as well as when homodyne detection
angles are left free (dashed curve). The numerical thresh-
old value for Ωx/ΩF are approximately equal to 3.8 and
3.5, respectively. Taking Ωx/ΩF = 4, we have a window
with ∆f = 2/
√
3 f , in which classical noise is a factor of
≤ 2 in power below the SQL.















FIG. 5: Logarithmic negativity for a given ratio Ωx/ΩF maxi-
mized with respect to the two ratios Ωcα/ΩF and Ω
d
α/ΩF with
phase quadrature readout (solid) and additionally maximized
with respect to the two homodyne detection angles (dashed).
Conclusions and Discussions. In this Letter we have
given a quantitative condition for the possibility of gener-
ating macroscopic entanglement between two end mirrors
of a Michelson interferometer – in terms of the interfer-
ometer’s classical noises when used as a force measuring
device. These classical noises are required to surpass the
SQL only moderately, well within the reach for experi-
ments to be carried out in the GW community within
the next decade. A major difference between our pro-
posed setup and GW experiments is that we also measure
common motion of the mirrors using sideband light that
returns to the bright port. This light is more susceptible
to laser noise than detecting sideband fields at the dark
port, because laser fluctuations also emerge at the bright
port and a smaller fraction also emerges at the dark port,
due to imperfections. This may be solved by using short
arms, and long cavities to stabilize laser frequency. Al-
ternatively, the current laser source could be eliminated
by replacing the arms in Fig. 1 by the dark ports of a
pair of coherently operated interferometers.
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